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Abstract. A new parametric integral is obtained as a consequence of the 
Riemann hypothesis. An asymptotic multiplicability is the main property of 
this integral. 



1. The result 

1.1. Let us remind that 

(1.1) 7r(x) = £ ^ i + P(x)=]i(x)+P(x). 

The following theorem holds true. 
Theorem. On the Riemann hypothesis 

r°° \n(re- 2 ) 1 

(1.2) ^ -^-/ P{x)dx = -- + ©(i), S e (0, A) 

where A is a sufficiently small fixed value and the C(l)-function is bounded on 
[0,A]. 



1.2. Let 

OfJ\\ - I . 

x 3/2+8 



(1.3) Q(S) = I ^-L{-P{ x )}Ax. 



00 ln(3-- 2 ^ 



2 

Then we obtain from (|1.2[) 
Corollary 1. 

(n \ n 

IP* ~ I[n(6 k ), «5 fc -».0, A = l i 

fe=i / fe=i 

especially, 



i.e., the function 0(5) possesses the property of the asymptotic multiplicability. 
Let 
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be the factorization of a natural number n. Then we have (see (|1.4[) 
for example. 



z=i ^ 2=1 ^ 



2. The main formula 

2.1. Let us remind that 

tt(x)=/ — + P(x)=Li(x) + P(x), 

(2-1) 2 n 2 

P(x) = P(x) + V.p. / - — = P(x) +K; 1.04, 
Jo In* 

(see (II. 1[) . (|2.1[) and [I], p. 3). The following lemma holds true. 
Lemma 1. 



oc 



(2.2) / ^-{ln(l-x- s )} J P(a;)dx = lnC(s)+ / — dx, 



2 dx J 2 In : 

for a > 1, s = cr + it. 

Proof. We apply the formula ([2], p. 2) 

(2.3) lnC(.s) - a f /f** ds, a > 1. 



2 x(x s - 1) 



Since 



( 2 - 4 ) ; |_ { l n( l-^) }i 

x[x s — 1) ox 

then we obtain from (|2.3[) 

(2.5) ln((s) = J j^{ln(l - x- s )}7r(x)dx, <r > 1. 

Next 

^M = J-, Li(2)=0, 
da; ma; 

(see ([23)1) and 

f°° d - 
J — {ln(l - x- s )}Li(a;)dx = Li(x) ln(l - x~ s ) |*I 



X — oo 
2 



(2.6) 



lnfl-x" 8 ), f x ln(l - x~ s ) , 
-da; = / ^ dx, 



In x 7 9 In x 



then from flU) by fl23J, (J276J) the formula j2j2J follows. □ 

Page 2 of M 



Jan Moser 



3. The differentiation of the formula (2.2) 

Let Y[i denote the open rectangle generated by the points 1 + 5± i, | ± i (0 < S 
is the sufficiently small fixed value). The following lemma holds true. 

Lemma 2. 

f°° - C'(s) 

(3.1) -/ F(x;s)P(x)dx = -^f + G(s), sefli, 

where 



(3.2 



F(x; s) = J2{s(n + 1) In a; - l}^^ 1 ^ -1 , 

n=0 

oo 1 1 

G ^ = ^ (ra+l)s-12( n + 1 > fl - 1 ' 
Proof. We use the formula (see (f2?2)l . ([2Ti|l ) 

( 3.3) r -i-ffei^ _ £ r- • ffeu _ f „„ (s) . 

v ; Jo X s -1 X ^ J„ X s -1 x ^ v ; 

1/2 n=l"'J , n n=l 

Since P(x) = 0(x), and P(x), x £ (p n ,Pn+i) is continuous (p n is a prime number, 
Pi = 2) then w n (s), s £ Tl\ is an analytic function. Next, the uniform convergence 
of the series in the set LIi follows from the uniform convergence of the integral (see 
(|3.ip in the set IT. Thus, by the theorem of Weierstrass, the integral in p.3[) is an 
analytic function in ITi. Since 

d s 1 sx s lnx x~ s 



dsx s -l x s -1 (x s -l) 2 l-x- s (l~x- s ) 2 

(3.4) 

n=0 

then we have (see ([3T3]> . (13T10 



d /" s Pfxl /" 

diy 2 —ix dx = -j 2 n^s)p(x)dx, X £u 1 , 

(3.5) 

s) = J]{s(n + 1) lnx - llar^ 1 ^" 1 . 



Similarly, we obtain 

d f°° ln(l - x- s ) 



dx = jdx = / \J2 x^ n+1 > dx 



ds J 9 In x Jo 1 — x 

(3.6) x " " 

^ l 1_ 

^ (n+l)s-12("+ 1 ) s - 1 ' V 

Finally, we obtain the formula (|3.1[) by the differentiation of (I2.2[) . (see (|3.5p . p. 61) ). 

□ 
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4. Cancelation of the singular parts corresponding to the pole at 

s = l. The pole at s = ~ 

Let II2 denote the open rectangle generated by the points \ ± i, | ± i. The 
following lemma holds true. 

Lemma 3. 

(4.1) f F(x;s)P(x)dx = --^—+g(s),seU 1 
J 2 2s - 1 

where g(s), s 6 II2 is the analytic and bounded function. 
Proof. Let (see (33)) 

(4.2) ff(s) = |g> +G(s)) seni . 
First of all (see ([33]) ) 

11 1 1 

G s = r H n — 7 + Oi (s), 

(4.3) - 1 j 

»w = E (n + i )a -i2("+iw 3 e Hl - 

n— 2 v ' 

Since 



11 1 _/,_nini 1 



-e 



-(s-l)ln2 _ 



s - 1 2 s - 1 s - 1 s 



T {l-( S -l)ln2 + 0(| S -l| 2 )} 



' in 2 + 0(|a-l|) = ^— +sa(a), 



s - 1 ! " s - 1 

and similarly 



' ' ' l n2 + 0(\2s-l\) = -^—+g 3 (s) 



2s- 1 2 s - 1 2s- 1 ~ ' Vl " " 2s- 1 
then (see gjj), (pL"5j)) 

^) = 77T + ^-r + ^-r + 34( s ), s en! 

(4.4) CO) 8 — 1 2s -1 

34(s) = gi(s) + .92 0) + 53(5), 

where 174(5), s € II2 is the analytic and bounded function. Next, by the known 
formula 

/ x CO) 1 , lr'/s \ ^ / 1 1 \ 

4.5 + 7= & -o-f(o +1 +E + — =550 

CO) s-1 2 T V2 / ^Vs-p„ p n J 

where COn) = 0, and 55(3), s G II2 is the analytic and bounded function. Finally, 
from p.ip by (|4.2[) - (|4.5[) the asertion of the Lemma 3 follows. □ 

5. The analytic continuation of the formula (|3.1|) 
5.1. The following lemma holds true. 

Lemma 4. On the Riemann hypothesis 

f°° 1 (\ 3 s 

(5.1) J F(x;<j)P(x)dx = -^— [ +g(o-), a e (^-,- 

where g(cr), a € [4, |] is the bounded function. 
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Proof. Let H2(S) denote the open rectangle generated by the points ^ + <5± i; | ±i. 
We obtain from JO) 



(5.2) 



\F(x;s)\=0 



In. 



Next, on the Riemann hypothesis, the following estimate of von Koch 
(5.3) P(x),P(x) = 0(y/xhxx) 

holds true (comp. (|2T]>). Then we have (see JO]> . JO]) ) 



|P(x; s)P(x)|dx = O / af^-sda; = O 



i.e. the integral 



F(x; s)P(x)dx, s G n 2 (5) 

is the analytic function. Finally, from the formula ()4.1|) . s G ETi, {g(s), s G LT2 is the 
analytic function) by the method of analytic continuation we obtain the formula 

1 



F(x;s)P(x)dx 



2s -1 



■g(s), s£U 2 (5), 



from which the formula (|5.ip follows. 
5.2. Since (see JOl) 

J™ F{x; a)dx = O (^°° x"i+ 5 dx) = 0(1), a G [i, | 

we obtain, putting P(x) = P(x) + if (see J2.ll) ) in (15.11) . the following lemma 
Lemma 5. On the Riemann hypothesis 



□ 



(5.4) 



f°° 1 n 3 

y F{x:a)P{x)dx = -^— - +g{a), a £ (j, ~ 



where g(o~), a £ |] is i/ie bounded function. 



6. Proof of the Theorem 



Since (see JOl, comp. JO), JB"3])1 



P(x;<r) 



cr In x — 1 



O 



lnx 



In . 



T \P(x)\dx = O [ I x~^ +s dx J = O(l), a £ 



1 3 

2' 2 



P(x; cr)P(x)dx 
then (see JOl) 



cr In x — 1 



,.cr + 



— P(x)dx + 0(1), ae 



1 3 



00 a In x — 1 „ . . , 
-^P x dx 



2(7-1 



•0(1), o-£ 



1 3 

2' 2 



Putting here a = \ + 5, S £ (0, A), A < 1, we obtain the formula 
(6.1) 



00 (±+<5)lnx-l , N 1 

J ' -P(x)dx = - T + 0(1 





x -' 
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However, (see (|5.3p ) 



* P(x)dx- / 2 3 - P(x)dx 



X2 +S J 2 X 

Inx „, _ „ /„ Z" 00 ln 2 x 



( 6 - 2 ) = 5 / -srr^Wda: =O U ^-rdx 



O (<* y aT^da:) = = 0(1), 5 g (0, A). 



The formula (JOjl follows from dUI]) by jOj). 

I would like to thank Michal Demetrian for helping me with the electronic version 
of this work. 
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